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Abstract
Following a novel approach, all known basic mass generation mechanisms consistent with an
exact abelian U(1) gauge symmetry are shown to be related through an intricate network of
dualities whatever the spacetime dimension. This equivalence which applies in the absence
of any supersymmetry, is however restricted by the presence of topological terms generating
possible topological effects. In particular in 3 + 1 dimensions the duality relations between
the Maxwell-Higgs model, the Stueckelberg and the topological mass generation mechanisms
are then established following a careful treatment of the gauge symmetry content. This result
offers a new framework for an effective description of superconductivity or topological defects
built from fields beyond the SM.
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Introduction and Overview
Among a number of fundamental concepts, the understanding of the origin of mass and the
related formation of topological defects remains among those open problems of great relevance in
particle physics, cosmology or condensed matter. Within this context the present contribution
sheds new light on mass generation mechanisms through the notion of duality which is known to
play a crucial role in high energy physics. Its main purpose is to establish the network of dualities
displayed in Fig.1 where all the celebrated mass generation mechanisms consistent with an exact
abelian U(1) gauge symmetry are recovered but now find their rightful place. Each equivalence
is defined modulo the presence of topological terms generating possible topological effects.
The construction of this network of duality relations is framed in four steps which will be
described in detail. This includes the different duality techniques used along with the terminology
characterizing the different intermediate Lagrangian densities. Our analysis is restricted to the
abelian cases, used as laboratories for mass gap generation where important effects of topolog-
ical origin are already manifest. However in the present discussion it will be assumed that the
fields do not vanish anywhere on the topologically trivial spacetime manifold, thereby avoiding
considerations related to the possibility of topological defects. The results presented herein were
originally first established in [1].
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Figure 1: Network of (local) duality relations between mass generation mechanisms in abelian
U(1) gauge field theories. In blue: our contributions.
Step One - Generalisation of TP factorisation to TMDGT
Topologically massive gauge theories (TMGT) are dynamical field theories in which a topological
term preserving the abelian U(1) gauge invariance generates a mass gap, see [2, 3, 4] in 3+1
dimensions. A natural extension of the general action for TMGT in a d+1 dimensional Minkowski
spacetime as introduced in [5], is obtained by transmuting the gauge field normalisation factors1
e and g into functions of dynamical real scalar fields $(x) and %(x). Hence the resulting action,
1Or gauge coupling constants when coupled to matter fields.
1
Sd+1TM%$[A,B, %,$], reads
Sd+1TM%$ =
1
2
∫
M
σp
e2($)
F ∧ ∗F + σ
d−p
g2(%)
H ∧ ∗H
+ SBF [A,B] + S$ [$] + S% [%] , (1)
where the notations of [5] are being used throughout. The U(1) gauge invariant fields $(x) and
%(x) couple through the dielectric functions e ($(x)) and g (%(x)) to the kinetic terms of the
p-form A(x) and the (d−p)-form B(x), respectively. Hence such types of actions will be called
topologically massive dielectric gauge theories (TMDGT). In the present discussion it is assumed
that $(x) and %(x) do not vanish anywhere on the spacetime manifoldM. Within the topological
coupling SBF [A,B] appearing in (1),
SBF [A,B] = κ
∫
M
(1− ξ)F ∧B − σp ξ A ∧H ,
the arbitrary real variable ξ ∈ [0, 1] is physically irrelevant (at the classical level) for an appropriate
choice of boundary conditions, and parametrises a partial integration by parts.
The Topological-Physical factorisation technique consists in constructing a dual formulation
of TMGT which is factorised into a dynamical sector of massive physical (i.e. gauge invariant)
variables and a gauge dependent sector defining a topological field theory (TFT). Our factorisation
introduced in [1, 5] is a particular type of dual projection technique (see for example [6] for a
review) which turns out to be the covariant extension of an equivalent canonical transformation
within the Hamiltonian formulation. Interestingly the action (1) is the most general construction
of topologically massive gauge fields coupled to real scalar fields of which the decoupled part is
minimal,
S% [%] =
∫
M
1
2
d% ∧ ∗d%− ∗V (%2) , (2)
S$ [$] =
∫
M
1
2
d$ ∧ ∗d$ − ∗V˜ ($2) , (3)
and which at the same time preserves our factorisation into decoupled physical and topological
sectors. There is no need at this stage to specify the potentials V˜
(
$2
)
and V
(
%2
)
.
In spite of the presence of dielectric fields in (1), the dual factorised formulation is obtained
in the same way as within the non coupled case, see [1, 5], and thus proceeds first through the
extension of the field content. Indeed the covariant first order formulation of (1) reads
SmasterTM%$ = e
2($)
E2
2
+ g2(%)
G2
2
+ S$ [$] + S% [%]
+
∫
M
F ∧ E +H ∧G+ SBF [A,B] ,
after the introduction of the auxiliary (d−p)- and p-form fields E(x) and G(x), see [5] for the
meaning of notations. Then through a reparametrisation similar to that of the non coupled case,
A = A+ 1
κ
σp(d−p)G , B = B − 1
κ
E , (4)
the first order action SmasterTM%$ factorises as follows,
Sfac%$ = Sdyn[E,G, %,$] + SBF [A,B] +
∫
M
ST ,
2
into a BF TFT, SBF , and a dynamical sector Sdyn of the form
Sdyn = e
2($)
E2
2
+ g2(%)
G2
2
+ S$ [$] + S% [%]
+
∫
M
σd−p
ξ
κ
E ∧ dG− 1− ξ
κ
dE ∧G , (5)
up to a surface term, ST , irrelevant for an appropriate choice of boundary conditions on M.
This new general action for the physical sector, Sdyn, is referred to as “dielectric Proca theory”
in Fig.1.
Step Two - The “London limit” for TMDGT
In the Maxwell-Higgs model, the London limit is the limit in which the mass of the Higgs field
becomes infinite while the mass of the gauge field remains finite. As a matter of fact, within
this limit the dynamics of the Higgs field is frozen to its vacuum expectation value. The action
resulting from the decoupling of the massive Higgs field is nothing other than the Stueckelberg
action for a 1-form gauge field (see [7] and references therein).
Likewise an equivalent limit may be readily identified for the TMDGT defined in (1), within
the context of the duality relations displayed in Fig.1. However, as there is no need to specify
the shape of the self-interacting scalar potentials in (2) and (3), by “London limit” we shall refer
to any asymptotic limit or relation between the coupling constants which leads to the “freezing”
of the scalar fields to their vacuum expectation values. In this sense, the general action for
topologically massive gauge theories in [1, 5],
Sd+1TM =
∫
M
σp
2 e2
F ∧ ∗F + σ
d−p
2 g2
H ∧ ∗H + SBF , (6)
is recovered through the London limit,
e ($) → e (〈$〉) ≡ e , g (%) → g (〈%〉) ≡ g ,
of the action (1) for TMDGT.
Step Three - Equivalence with Stueckelberg theories revisited
In fact, several dualisation techniques have been used until now in order to establish the dual
equivalence between topologically massive gauge theories and Stueckelberg theories. As far as
gauge embedding procedures are concerned, this duality relation is considered as an intermediate
step in order to establish the duality relation between theories of the Proca-type and TMGT.
This type of methods, developed whether within the Hamiltonian [8] or the Lagrangian [9, 10]
formulation, are characterised by an intricate maze of successive gauge fixing and unfixing pro-
cedures. There also exist other techniques of dualisation through master Lagrangian approaches,
see [11, 12, 13]. Even in this latter case however no special care has been taken with regards to
the gauge symmetry content and its possible non trivial topological properties.
In contradistinction to these procedures, our method consists of two steps, as illustrated in
the right-hand part of Fig.1. First we have already established in [5], through our TP factorisation,
the duality relation between TMGT (6) and a generalised first order formulation of Proca theories,
Sdyn = e
2 E
2
2
+ g2
G2
2
(7)
+
∫
M
σd−p
ξ
κ
E ∧ dG− 1− ξ
κ
dE ∧G ,
3
modulo a topological BF term in which all the gauge content resides. This procedure is free of
any gauge fixing procedure whatsoever and is fully consistent for what concerns the counting of
the numbers of degrees of freedom, inclusive of topological ones and pure gauge ones. Note that
the action (7) is the non gauge invariant “self-dual” action of [9, 13] in any dimension, recovered
upon setting ξ=0.
Second it is only at this stage that gauge embedding procedures apply in order to make
manifest the duality between the Proca theories in the physical sector and the Stueckelberg
theories. Let us briefly recall the basic concepts of this type of generic procedure consisting in
the extension of the gauge content. Knowing that d†G= 0 and d†E= 0 on shell, the two gauge
invariant co-closed p and (d−p)-form fields G(x) and E(x) may be written as
G = σp(d−p) κ
(
A˜− θ
)
, (8)
E = −κ
(
B˜ − χ
)
, (9)
where θ(x) is a closed p-form while χ(x) is a closed (d−p)-form.
In contradistinction to what was so far advocated in the literature, we prefer to extend the
field (and gauge) content within the gauge embedding procedure rather than to involve again
the original gauge fields A(x) and B(x). Indeed let us imagine that we set A˜(x) = A(x) and
B˜(x) = B(x) quite similarly to what was done in [2, 12, 14]. Then using the reparametrisations
(8) and (9) in combination with the transformations (4) the following constraints are obtained
A(x) = θ(x) if A˜(x) = A(x) ,
B(x) = χ(x) if B˜(x) = B(x) .
Actually this choice is inconsistent with the original counting of the total number of degrees of
freedom since it sets the transverse part of A(x) and B(x) to zero. Hence a first-class constraint
would already be satisfied within the transformation itself rather than on shell.
Under the restrictive assumptions of a topologically trivial spacetime manifold, θ(x) and
χ(x) are also exact2. In this case, the gauge embedding procedure is then well-defined. The
transformations of the fields θ(x) and χ(x) under the new gauge symmetries,
θ′ = θ + α˜ , χ′ = χ+ β˜ ,
where α˜(x) and β˜(x) are two exact p- and (d−p)-forms, compensate for those of the two inde-
pendent classes of abelian gauge transformations acting separately in either the A˜- or B˜-sector,
A˜′ = A˜+ α˜ , (10)
B˜′ = B˜ + β˜ , (11)
in order to preserve the gauge invariance of G(x) and E(x). In this sense the physical variable
G(x) may be considered as the gauge invariant transverse part of the gauge field variable A˜(x)
while θ(x) is associated to its longitudinal part. A likewise identification applies for the (d−p)-form
field B(x).
The dual gauge embedded Stueckelberg theory constructed from the physical sector of the
factorised TMGT depends dramatically on the value of ξ. Indeed, let first set ξ = 1 in the
factorised Lagrangian density (7). Integrating out the then Gaussian auxiliary (d−p)-form field
2These assumptions do not allow θ(x) and χ(x) to have a global component, see [15, 11] in 3+1 dimensions,
and thus exclude the existence of topological defect solutions.
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Figure 2: Duality relation between TMGT (1) and a generalised formulation of the Stueckelberg
mechanism in abelian gauge field theories. In blue: our contributions.
E(x) and extending the gauge content of the theory at the level of the p-form field G(x) through
the transformation (8), one derives the Stueckelberg action of a p-form field A˜(x),
Sdyn =
σp
2 e2
∫
M
F˜ ∧ ∗F˜ + µ
2
2 e2
(
A˜− θ
)2
, (12)
where F˜ =dA˜ and µ=κ e g. Alternatively the Stueckelberg action of a (d−p)-form field is obtained
by fixing ξ=0, eliminating the Gaussian field G(x) and applying (9),
Sdyn =
σd−p
2 g2
∫
M
H˜ ∧ ∗H˜ + µ
2
2 g2
(
B˜ − χ
)2
, (13)
where H˜=dB˜. These two actions are invariant under one abelian gauge symmetry only, of which
the associated transformation reads as in (10) or (11) whether one considers the transformation
acting on A˜(x) in (12) or on B˜(x) in (13), respectively.
Finally a generalised formulation of the Stueckelberg theory is obtained starting from (7)
and applying the gauge embedding procedure to the gauge invariant fields G(x) and E(x), see
(9) and (8),
Sdyn =
κ2e2
2
(
B˜ − χ
)2
+
κ2g2
2
(
A˜− θ
)2
(14)
+ κ
∫
M
σd−p (1− ξ) A˜ ∧ dB˜ − ξ dA˜ ∧ B˜ .
Hence Fig.2 illustrates how ξ determines to which (gauge embedded) Stueckelberg theory the
TMGT are dual3. This generalised formulation of the Stueckelberg theory possesses two inde-
pendent classes of abelian gauge transformations acting separately in either the A˜- or the B˜-sector,
see (10) and (11).
Step Four - Recovering the Maxwell-Higgs model
Finally, the range of dual formulations for Maxwell-Higgs (MH) models in d+1 dimensions pertains
to a very specific form of topological mass generation for a 1-form gauge field A(x) with a dielectric
coupling between a real scalar and the complementary (d−1)-form field B(x). Hence starting
from the action for TMGT in (1) subjected to the following restrictions:
3The analysis as developed so far in the literature considered the duality relations between TMGT and the
different types of Stueckelberg theories as distinct cases [12, 14].
5
• One of the gauge fields is a 1-form field. Let us choose A to be this field,
• The London limit applies to the field $(x) and the dielectric function e ($) thus reduces
to a scaling constant e,
• The dielectric function g (%(x)) has the simple form : g(%) = η %,
the following dual formulation of the MH model is obtained:
L4TM% =
−1
4 e2
Fµν F
µν +
1
12 η2
1
%2
HµνρH
µνρ + L%
+ κµνρσ
(
ξ
6
AµHνρσ +
1− ξ
4
FµνBρσ
)
. (15)
where η is a normalisation parameter of physical dimension E L. For the sake of simplicity this
fourth step of the structure of Fig.1 is described in 3+1 dimensions. As usual, L% is the Lagrangian
density for a massive real scalar field:
L% (%, ∂µ%) = 1
2
∂µ% ∂
µ%− V (%2) , (16)
where the self-interaction potential V
(
%2
)
remains unspecified at this stage.
We have already proved without having recourse to any gauge fixing choice that ξ parametri-
ses a classification of generalised Stueckelberg theories. Likewise this parameter offers an elegant
interpretation of (15) in terms of the field Aµ(x) or the field Bµν(x) whether ξ = 1 or ξ = 0,
respectively. Let us consider the case ξ=1 and isolate the contributions involving the gauge field
Aµ(x),
Lξ=1TM% =
1
12 η2
1
%2
HµνρH
µνρ + L% + LATM% . (17)
This Lagrangian density was obtained previously by K. Lee [11] through a path integral formula-
tion but has so far never been analysed in detail except in the London limit or within the context
of effective vortex-string theories. The part LATM% describes the dynamics for a 1-form gauge field
Aµ(x),
LATM% =
−1
4 e2
Fµν F
µν +
κ
6
µνρσ AµHνρσ ,
where the conserved current Jµ(x) reads
Jµ =
κ
2
µνρσ ∂ν Bρσ , ∂µJ
µ = 0 . (18)
Our process of dualisation then proceeds from the definition of the first order Lagrangian
density from (17),
L4mTM% = −
e2
4
Eµν E
µν +
1
2
µνρσ ∂µAν Eρσ
+
η2
2
%2GµG
µ +
1
2
µνρσ ∂µBνρGσ
+
κ
6
µνρσAµHνρσ + L% .
In combination with the equations of motion defining the Gaussian integration, the physical
variable Eµν(x) corresponds to the electromagnetic fields,
Eαβ =
1
e2
ηαµ ηβν 
µνρσ ∂ρAσ ,
6
while Gµ(x) is related to the current introduced in (18),
Jµ = κ η2 %2 ηµαGα. (19)
Under the same parametrisation as the one introduced in the general case,
Aµ = Aµ − 1
κ
Gµ , Bµν = Bµν + 1
κ
Eµν , (20)
the dual Lagrangian density is again factorised modulo a surface term,
Lfac% = LMHP +
κ
6
µνρσAµHνρσ,
into a topological BF sector of gauge variant variables and a dynamical sector of physical vari-
ables, LMHP:
LMHP = −e
2
4
Eµν E
µν +
η2
2
%2GµG
µ + L%
+
1
2κ
µνρσ ∂µGν Eρσ . (21)
This Lagrangian density is nothing other than the first order formulation of the Maxwell-Higgs
model expressed in terms of physical variables (see [16, 17] for a review). In this sense, %(x) plays
the role of the Higgs field provided that the potential in (16) be chosen of the form:
V
(
%2
)
=
µ˜2
2
%2 +
λ
4
%4 ,
where µ˜2<0 and λ>0, to recover the “Mexican hat-shaped” quartic potential. Then the Higgs
field possesses a non vanishing vacuum expectation value,
〈%〉 = v =
√
−µ˜2
λ
6= 0 .
At this stage, the usual formulation of the MH Lagrangian is recovered through a procedure
following the example of the Stueckelberg mechanism, thus requiring a non trivial extension of
the gauge content. After the transformation (20), Gµ(x) obeys the following equation of motion
associated to the physical sector of the factorised Lagrangian (21),
η2 %2Gα = −ηαµ 1
2κ
µνρσ ∂ν Eρσ .
A conservation law naturally arises from this equation: ∂µ
(
%2Gµ
)
= 0 (on shell). In this sense
the variable Jµ ∝ %2Gµ is interpreted as a current coupled with a gauge connection. This current
may be that of a complex scalar field of which the Higgs field %(x) is the radial part. However the
connection may not be the original Aµ(x) field for the reasons already mentioned above. Thus a
new connection A˜µ(x) is introduced, which allows to redefine Gµ(x) as
κ η2Gµ = − 1
%2
Jµ = κ
2 η2
(
A˜µ − ∂µθ
)
, (22)
where the transformation of the variable θ(x) under the new U(1) gauge symmetry compensates
for that of the connection A˜µ(x) in order to preserve the gauge invariance of Jµ(x), namely
A˜′µ = A˜µ + ∂µα˜, and θ′ = θ + α˜. Here the local notation for the gauge transformation is used
because global variables have no influence on account of the assumptions made in the present
discussion.
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Given the redefinition (22) the MH model in the symmetry breaking phase is recovered
from the physical sector (21),
L4MH%θ = −
1
4 e2
F˜µν F˜
µν
+
1
2
∣∣∣∂µ%− iκ η % (A˜µ − ∂µθ)∣∣∣2 − V (%2) .
Therefore, the total gauge embedded action dual to (15) through TP-factorisation is decoupled
into the U(1) Maxwell-Higgs action and a topological BF action,
S
[
A˜,A,B, %, θ
]
= SMH
[
A˜, %, θ
]
+ SBF [A,B] +
∫
ST .
This action is invariant under three independent classes of finite abelian gauge transformations
acting in either the A-, the B- or the (A˜,θ)-sector. This latter restored transformation allows to
define a complex scalar field of which the polar parametrisation follows in terms of the real scalar
fields %(x) and θ(x):
φ(x) =
1√
2
%(x) eiκη θ(x) .
Thus the MH Lagrangian density before symmetry breaking is recovered:
LMH = − 1
4 e2
F˜µνF˜
µν +
∣∣∣D˜µφ∣∣∣2 − V (2 |φ|2) . (23)
where the field strength tensor F˜µν(x) and the covariant derivative,
D˜µφ = ∂µφ− iκ η A˜µ φ ,
are defined from the connection A˜(x). The dual formulation of the MH model is extensible to any
dimension, notwithstanding the non renormalisable character of the scalar field quartic potential,
V
[
2 |φ|2] = µ˜2 |φ|2 + λ |φ|4 ,
in more than four spacetime dimensions.
Conclusions and Perspectives
Some nodes of the network of duality relations in Fig.1 that apply for abelian U(1) gauge theories
and their mass generating mechanisms have been partially analysed in the literature. However our
approach is different. We have established that these equivalences are true modulo a topological
BF term and, as usual, a specific gauge embedding procedure. Although they share the same
local formulation in terms of (physical) gauge invariant fields, the gauge symmetry content of the
different abelian mass generation mechanisms of Fig.1 differs dramatically. It implies that these
theories share a common dynamics but are globally distinct as soon as topological effects appear.
Thus we may rather admit that two gauge theories are locally dual in their physical sector but
are not dual if their gauge symmetry content is considered, instead of establishing dualities at any
cost. This specific feature comes to the fore in the case of TMDGT where the topological sector
of gauge variant variables factorises out from the physical sector, independently of any gauge
fixing procedure. Actually this topological term was until now swamped by a mass of successive
procedures of gauge embeddings and/or gauge fixings characteristic of the dualisation techniques
previously introduced in the literature.
The dielectric lagrangian (15) has never been studied so far in the context of condensed
matter and offers a possible dual formulation of effective superconductivity without symmetry
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breaking. From a local perspective, the squared scalar field %2(x) measures the local density of
Cooper pairs while the BF term describes a topological order in the long wavelength limit, see
[10]. Our duality network makes a clear link between different effective descriptions of super-
conductivivity and Josephon junction arrays, see [10, 18, 19], which are recovered in the various
limits of Fig.1, also including the abelian Higgs-model with an extra topological BF term[15, 10].
Its generalisation also provides a fresh perspective on the higgsless superconductivity of [20].
However most of the other works mentioned above deal with compact gauge groups to
invoke the appearance of string or monopole-like defects in 3+1 dimensions. In our network of
dualities, the BF term turns out to play a pivotal role as soon as topological effects are taken
into account. In fact any zero of the scalar field(s) on some subset of space is associated with
the existence of a topological defect localised on this subset. In particular in the dual Maxwell-
Higgs model (15), the topological sector carries the topological content, related to vorticity, of
dual Nielsen-Olesen vortices, as will be discussed elsewhere. Therefore vortex string solutions
arises per se, rather than being introduced “by hand” through the coupling of the gauge fields
with the worldsheet [10, 11] or requiring compact gauge groups as in [18, 20]. Furthermore,
the straightforward generalisation (1) to fields of any tensorial rank whatever the number of
spacetime dimensions suggests a new avenue towards the construction of generalised topological
defects, currently under investigation. The extension of this network of dualities to topological
defect solutions may offer a new mathematical framework for the detection of topological dark
matter, see [21].
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